CHAPTER

APPLICA-
TIONS OF THE
INTEGRALS

______________________________________________________________________

syllabus Applications in finding the area under simple curves, especially lines,
circles/parabolas/ellipses (in standard form only).

______________________________________________________________________

____________________________________________________________________________

' In this chapter you will study

How to calculate the areas enclosed by different curves, lines circles, parabolas and ellipse.

____________________________________________________________________________

E Revision Notes

> Area Under Simple Curves : Let there be an arbitrary strip of
(i) Let us find the area bounded by the curve y = height y and width dx.

f(x), X-axis and the ordinates x = a2 and x = b. Area of elementary strip dA = y dx,

Consider the area under the curve as composed where y = f(x). Total area A of the

by large number of thin vertical strips. region between X-axis ordinates x

__________________________________

=g, x = b and the curve y = f(x)
= sum of areas of elementary thin
strips across the region PQML.

A=[lydx=]" f00) dx

Key Words

Curve: A curve is a continuous and
smooth flowing line without any sharp
turns. One way to recognize a curve is
that it bends and changes its direction

at least once. y=f(x)

* A open curve does not enclose any P
area within itself and it has two
endpoints. Some of the open curves Sy S
are given in the figure below. = I

o L &« ™M

It is formed by joining the end
points of an open curve together.
e.g.: Circles, ellipses are formed from
closed curves.

* Asimple curve changes direction but
does not cross itself while changing
direction. A simple curve can be
open and closed both.

* A non-simple curve crosses its own

____________________________

i Arbitrary: In mathematics, “arbitrary”
| just means “for all”.

i Forexample: “Foralla, ba+b=b+a".
i Another way to say this would be “a +
1
1

|
|
|
|
* A closed curve has no end points i
|
|
|
. b =b + afor arbitrary a, b.”

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
:
! .
! and encloses an area (or a region).
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(ii) The area A of the region bounded by the curve (iv) It may also happen that some

x = g(y), y-axis and the linesy = cand y = d is portion of the curve is above
given by X-axis and some portion
d d is below X-axis as shown

A =.[c X dy=L 8(y)dy in the figure. Let A; be the

area below x-axis and A, be

the area above the X-axis.

Therefore, area bounded by

the curve y = f(x), X-axis and

the ordinates x = a and x = b is given by
A=A + |A,]

____________________________

Application of Integration in Economics

1
1
(iii) If the curve under consideration lies below ; and Commerce
X-axis, then f(x) < 0 from x = a to x = b, the i Integration helps us to find out the total !
area bounded by the curve y = f(x) and the | cost function and total revenue function |
ordinates x = a4, x = b and X-axis is negative. i from the marginal cost. It is possible
But, if the numerical value of the area is to be 'to find out consumer’s surplus and !
taken into consideration, then i producer’s surplus from the demand
b and supply function. Cost and revenue i
Area = L f(x)dx ! functions are calculate through indefinite |
| integral. |
A i i
1 1
< X | Domand ey 5
= = : :
! I | |
i Price .
i Equilibrium i
— R 7S SRS point !
v y=f») i P | :
Y : 1 :
: 9 Quantity :
1 1
i i

____________________________________

i Ordinate: The Cartesian coordinate i
i obtained by measuring parallel to the |
i Y-axis. i

___________________________________

Explanation:
n Multiple Choice Questions X2 = x+2
2 —
Q. 1. The area of the region bounded by the curve x* = ¥-x-2=0
4y and the straight-line x = 4y - 2 is (x=2)(x+1) =0
(A) % $q. units x=-12
5 Forx=—l,y=1andforx=2,y=1
(B) 3 5% units 4
7 Points of intersection are (-1, 1 )and (2, 1).
©) 3 sq. units 4
9 Graphs of parabola x*=4y and x = 4y — 2 are
(D) = sq. units h in the following fi :
S shown in the following figure:

Ans. Option (D) is correct.



M2 32
= 1 R, PO
4_2 3 5
= 1 2+4—§—1+2—1
4| 3 2 3
g 1 4
4 2
[ 1,
4 2
= 25 units
g °%

Q. 2.The area of the region bounded by the circle

P+yP=1is
(A) 27w sq. units
(C) 3m sq. units
Ans. Option (B) is correct.

(B) msqg. units
(D) 4r sq. units

Explanation : We have, x* +* =1, which is a circle
having centre at (0, 0) and radius ‘1" unit.

= yzzl—xz

From the figure, area of the shaded region,

1
A= 4j\/12 —x%dx
0

2
—a0+ X 00
272

= T sq. units

Q. 3.The area of the region bounded by the curve
y =x + 1and thelinesx = 2and x = 3is

(A) % 5q. units (B) % sq. units

11
© 5 5T units (D) % sq. units

Ans. Option (A) is correct.
Explanation:

/ x=3
x=2

1 2 45

From the figure, area of the shaded region,

3
A = [(x+1)dx
2

- 2+3_é_z]
2 2

—Zs units
2 q

Q. 4. Area lying in the first quadrant and bounded by
circle ¥* + y*> = 4 and the lines x = 0 and x = 2 is

(A) m (B)

A A

© 3 (D)

Ans. Option (A) is correct.

Explanation : The area bounded by the circle and
the lines in the first quadrant is represented as :

Y
x=0

/B x=2
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Q. 5. Area of the region bounded by the curve y? =4x,
Y-axis and the liney = 3 is

(A) 2 (B)

N[O |

9
© 5 (D)

Ans. Option (B) is correct.
Explanation: The area bounded by the curve,

y* = 4x, Y-axis, and y = 3 is represented as :

Y
51
9,0
47 (4 )
Z.A B y:3
1
IO o 125450
-2+
_3.\y2=4x
41
51
Y
3
Area of OAB = fxdy
0
3.2
= Iy—dy
0 4
4] 3 |,
= l><27
12
= — sq. units
i

Q. 6. Smaller area enclosed by the circle x* + 4> = 4 and
thelinex + y =2

(A) 2(n-2)
(C) 2n-1
Ans. Option (B) is correct.

(B) n-2
(D) 2(n+2)

Explanation: The smaller area enclosed by the circle

x*+y’ =4 and theline, x + y = 2is represented by

the shaded area ACBA as :
Y
x’+y?=4
B
0,2) C
X" 0 A X
@0/ i ty=2

Y

It can be observed that

Area of ACBA = Area of OACBO
—Area of AAOB

=[2><g:|—[4—2]

= ®—2sq. units

Q. 7. Area lying between the curve y*> = 4x and y = 2x

2 1
@ ; ®) 3
1
© 3 o) >

Ans. Option (B) is correct.
Explanation: The area lying between the curve

y’ =4xand y = 2x is represented by the shaded
area OBAO as

The points of intersection of the curves are O(0, 0)
and A(1, 2).

We draw AC perpendicular to X-axis such that
coordinate of Cis (1, 0).

Area of OBAO=Area of AOCA
—Area of OCABO

A = ijdx - }Z&dx
0 0

1

|: 2 }1 32
= —_ — 2, _—
2 3

o 2




of

v Short A T From the figure, area of the shaded region,
e (o] nswer e
@ =Y ypP A= j[& —5]dx
Questions (1 mark each) . 2
Q.1. Find the area bounded by y = ¥? the X-axis and the 2, 12
linesx = —landx =1. @) [R [CBSE SQP 2020-21] =13 S
Q. 2. Find the area bounded by the curve x = 2y + 3,

Y-axis and the linesy =1and y = -1. Al :%,(4)3/2 —%_ 0 %6_4
Sol. Y )
=— sq. units 1
2T 3
) y=1 % =2y+3 Q.3. Fl;ld thze area of the region bounded by the ellipse
T X y _ 1
/ 25 16
X' + — ——t X X2 yz
-10 //3 4567 Sol. We have = +? =1, which is ellipse with its axes
1 y=-1 as coordinate axes.
21+ A
YV
3.
From the figure, area of the shaded region, ).
1 14
A= [y +3)dy
-1

v

12345 6
=[v*+3y], =[1+3-1+3]

= 6 sq. units 2
Short Answer Type
©) : 2 .
Questions-1I (2 marks each) VX
¢ 5

Q. 1. Find the area of the region bounded by the parabola
y? = 8x and the line x = 2. 16 2
Al [CBSE SQP 2020-21] Y

Q. 2. Find the area of the region bounded by the parabola
y* = x and the line 2y = x.

Sol. When 3> =x and 2y = x
Solving we get y* =2y From the figure, area of the shaded region,
=y =0,2 andwheny =2,x=4
So, points of intersection are (0, 0) and (4, 2).

A=4 j V5 - x?dx
Graphs of parabola /> = x and 2y = x are as shown
in the adjoining figure : .
—6 E - x + sm'1 z 1
Y 52 5],
6[ +—sm 11-0- 0:|
5
X t
> _162%x
5722
= 20 sq. units 1




©) Short Answer Type

Questions-II (3 or 4 marks each)

Q. 1. Shown below is a parabola.

Sol.

Y
2 —
Vo x
/
0 2
\\
2 T

Find the area of the shaded region. Show your steps.
(Note: Take V2 as14and 3 as 1.7.)

[CBSE Practice Questions 2021-22]

D_—1—
B
0 9 3 |4
©,0) C [E

Area bounded region
= 2 ar(OBC) + ar(CBDE)

= 2_[02 Jxdx + Jj Jxdx

2 3
3 3

XE XE
BN
20 22

2| oz 14 2| 32 _ (o2
zzxs[(z)}rs[(s) (2)]

%xzﬁ%[sﬁ—zﬁ]

=2

4 2\ 2
242 === [+ =x%x33
\/—(3 3) 3 V3

2\/§x§+2x/§

= %JLZ\/E = %x1.4+2x1.7

= 1.87 + 3.4 = 5.27 sq. units (Approx.)

-

Q. 2. Shown below is the graph of f(x) = 2x? in the first

quadrant.

Y

0

v

Find the area of the shaded region. Show your steps.
(Note: You need not evaluate the square roots.)

[CBSE Practice Questions 2021-22]

Sol.
Y4
5 F / C
|
B A
2
X
0
1
Area bounded region
= ar(OACD) - ar rect (ABDF)
= Jos xdy — length X breadth
sy
= | *=dy—-(1x3 2
) Ty =(1x3)

[Since, given y = 2x? or x = \/g ]




ol w

= —F= 7y3 -3
= \/_
2 0

25
S50 -3

2x5£_3:(sx/ﬁ

32 3—3J $q. units. 1

Q. 3. Find the area of the region bounded by the curves

Sol.

Sol.

¥+ =4y = J3x and X-axis in the first

quadrant. All [CBSE SQP 2020-21]

Solving y = 3x and ¥* + =4

We get P +3%=4
= ¥ =1
= x=1 )
Y
A
o/ 4
2%

1 2
Required Area = \/§dex+J.\/22 —x2dx )
0 1

2
- ﬁ[xz]é+ 222 y? +2sin‘1(f) 1
2 2 2],
2 2 2 6
2
= g $q. units Ya

[CBSE SQP Marking Scheme 2020-21]

. Find the area of the ellipse x* + 9y*> = 36 using

Al [CBSE SQP 2020-21]

integration.

. Using integration, find the area of the region in the

first quadrant enclosed by the line x + y = 2, the

parabola 3> = x and X-axis. [CBSE SQP 2021-22]

Solving x + y = 2 and y* = x simultaneously, we
get the points of intersection as (1, 1) and
4,-2). 1

3
x+y=2 2

X' X 1

50

The required area = The shaded area

1 2

=J.Ox/;dx+.fl (2—x)dx 1

2 27
=212 4| 20—

3 2 .

2 1 7 .
=—+—=— square units 1

3 2 6

[CBSE SQP Marking Scheme 2020-21]

Q. 6. Using integration, find the area of the region

{(x,y):0<y<Bx,x*+y* <4}

[CBSE SQP 2021-22]

Sol. Solvingy = V3x and 2 + y2 = 4, we get the

points of intersection as (1, \/g )and (-1, — \/5 )

1

The required area = The shaded area

=J:\/§xdx+flzv4—x2 dx
2
=£[x2:|1+1|: \/mwulsin_lf:l 1
0 2 2

2

31 i
=2 ~l2n-v3-2%

2 z[n v 3]




After solving (i) and (ii),

2 .
= — square units 1
3 9-6x=0
[CBSE SQP Marking Scheme 2020-21] R 3
x ==
2
(@) L°n9 Answer Type Then required area = ZJ V9= (x =3) dx + 2_[ V9 - xdx
Questions-I (5 marks each) 3/2
Q.1.Using integration find the area of the region _ (x 3) fo_ + ol (x 3T
bounded between the two circles x* + y* = 9 and =2 (= b
-3 +y*=09. 3
[CBSE Delhi Set I, T, I11-2020] +2 E\m x4 %sin_l f}
3/2

Sol. Point of intersection of,

Pyt = 9 x-32+1*=9 — —
= (x-32-22 = 1 = Area = 2{[43 {9_% +%sin_1 (;)]—[0+Zsin’1(—1)]

0
3
- t 2 3 / 9 9
+H0+=sin'1|-|Z,/9-= +Zsin"' =
Y, 4 4 2 2
Areac 2] 93 9 m 9w 9 m 93 9
8 2 6 2 2 2 2 8 2 6
X X 93 T 9
(e} (3,00 /(6,0 :>Area=2{—2><—9><6+2><n}
(®) (i)
9 .
(3/2,0) 1 = Area = 2{37: - \/_} 5. units

Required area

[ 3/2 2 3 [ o
= 2_-[0 V9 -(x=3) d“Ja/z 9-x dx] Commonly Made Error
— 4 [? o2 !
= 4_J.3/2 9-x dx] 1

[ x 9 :
= 4| =9 -x* +—sin’1£] 1

| 2 2 3L

93

= [6W—T] sq. units 1

[CBSE Marking Scheme 2020] (Modified) Q. 2. Using integration find the area of the region :

LY):0<y<x® 0<y<x,0<x<2
Detailed Solution: oy :0<sysx y<x,0<x<2}

Let us consider the diagram [CBSE OD Set I1-2020]
Sol. Parabola y = x* and line y = x intersect at (0, 0)
and (1, 1). 1
Correct Figure 1

Here

(i)
(x-32+1y*=9 ...(i)

1 2
C=(1,0) D=(,0)

are two circles with centres (0, 0) and (3, 0) respectively.



L1 * .
—Egt-"—d; %wua‘i Uwne : 2
3-"-}; =_'?;'j! { w-2 )"

Required Area = | x%dx+ | xd 1 = 8+16% i
equired Area = Jox x+j1x x = 8+16E—8—4n=41t sq. units 1
AT 2P [CBSE Marking Scheme 2018] (Modified)
o 1 Q. 4. Find the area of the
1 3 11 . region
= —+5=""sq unit 1 -
FAE IR g+ pcrs  ORIIAICESESQR
[CBSE Marking Scheme 2020] (Modified) (x+ ). 2020][Foreign 2017]
Q. 5. Using integration, find the area of triangle ABC,
Q. 3. Using integration, find the area of the region in whose vertices are A(2, 5), B(4, 7) and C(6, 2).
the first quadrant enclosed by the x-axis, the line [CBSE Delhi Set-I 2019]
= : 24 .2 _
y = x and the circle x* + y* = 32. Sol. v
[CBSE OD-2018] [NCERT] 7i B(4.7)
1.0
[CBSE Set 1-2020] g M
I
4T
Sol. Correct figure : 1 31 0
2+ | C(6,2)
Pt. of intersection, x = 4 1 1+ ! ! I
} Il 'l } | }
T T T T T T T Ll X 1
Y O'12 3\4 567
y=x dx
/ e Equationof AB . y _ x;?,
—5x
X 0dra [apX EquationofBC : ¥ = T+17 ;
—3x 13
Equationof AC : ¥y = —,~F—
4 6
N Required Area =J.(x +3)dx + J(% +17 de
2 4
1
Area of shaded region t-3x 13
e (22
4
= _[0 y, dx +L Y,dx
2432 ] [-522 C (-3 13«
= I4x dx+I4ﬁV32—x2dx 1 =|:%} +|:T+l7x} -5 +T 1
o - 2 4 2
e 4 x x 442
= |:?j| ar {E\I32 = xz +16 511171 T}] 1 =7 sq. units 1/2
g w2ll, [CBSE Marking Scheme, 2019] (Modified)
OR
Topper Answer, 2019
5 i
Bl i
A(2,S) / 2 i
e o e - :
= -“""“f{_\E a6 e _ :
~ '
, Euoy Do Flen :

________________________________________________________________________________________________




________________________________________________________________________________________________

! ___{ e X [ - = — 15
1| 54" e} Une BL: ___Lfal“ol- L ne AC
(y-2)= & cazé)d Lr&;Q__f 2 @
= =y
W Bag 8 ~Sx+s i - ‘.—-}1“'-37:
2|0 - cariz] [y -3wwz
| ¢ 2 ) /}_4, 2.
I i B
_P\@OLS_L& v’ rui\ oxea A “(‘*g“)*“'(““” o
R A= —ﬁiu Ax *E\jldx - Eu-r.am.
e - =4 ey

“ e '
= (rar)yda + (= sx+159) AN _— FI-;-&__-v_!,‘l ) an
T o J }\\ u F 5

I A= Tareza]® \'m ,s___’-"f Zn - 3
e e ¥ —

ﬂrg +12- 1—»4,'[ -r—];g-, - g~ f,&'.+.z_o] [3‘: #4 - l!-*-.l—l

2=4

Commonly Made Error - Y =4y .
. » Sometimes students do not apply correct limits | ©,4) 4
| or consider area twice the result. | A
f e mmm e m e am e mmmmmm o mmm—————————— ,

e - A,

@ Answering Tip A, 1
E » Learn to apply limits correctly to avoid errors. E (0,0) dx 4,0)
Q. 6. Prove that the curves y> = 4x and x*> = 4y

divide the area of square bounded by x = 0, X
Point of intersection are (0, 0) and (4, 4) Y2

x =4,y = 4and y = 0 into three equal parts.

4 2
[NCERT] [OD 2015,2016] Here, A, = [ 5x="2 Sq. units (1
[CBSE Delhi Set IT1-2019] 0

¢ 2 16
A, = j(zx/— —xzjdx =" Sq. units ~2)1
0



[ = 16 sq. units
4= J. yZdy 5 Sq. units -(3)1 3
} Area of Il = Area of square — Area of I — Area of III
From (1), (2) and (3), A; = A, = A, 14 ] o e
[CBSE Marking Scheme, 2019] = 16-—" - sq. units

Detailed Solution :

16 .
= 22 gq. unit
Let OABC be the square bounded by x = 0, x = 4, 3 59 tmits

y=4andy=0. .. The two curves divide the square into three equal
Ar(OABC) =4 x 4 parts.
= 16 sq. units Q. 7. Using integration, find the area of the triangle
From, y* = 4x and ¥* = 4y whose vertices are (2, 3), (3, 5) and (4, 4).
2
( x? J -~ 4y a[1] [AE] [CBSE Delhi Set-III 2019]
4
. Y
4 N Sol -4
or — =
16 il
or xt-64x =0
or x(x*-64) =0 31
or x=0orx=4 21
When x=0,y=0 ol 1
x=4y=4
X' X
Y
A y2=4x
5> y=4 Equation of AB: y =2x-1
Equation of BC: y =—x+8 1%
Equation of AC:y = %(x +4)
1}
A
= h h tx+4
Required Area = I(Zx —1)dx + j(—x +8)dx — J( )dx
v X 2 3 2\ 2
1
.2 ¢ 2 i
:[xz —x]3 B B SO L SR S
2 2 , 2[2 b
.. Point of intersection of the two parabolas is (0, 0) _ s 9 7 3 Sq. units "
and (4, 4). 2 2
Area of part Il = J.;ydx(parabola x2 = 4y) [CBSE Marking Scheme, 2019] (Modified)
Detailed Solution :
4
_ x? 1x° Given, vertices of triangle are (2, 3), (3, 5), (4, 4)
04 43 v
64 7T
= (6 -0)= 64
12 12 o B(,5)
_ 16 sq. units 4----- C44
3 1 AL
" Tes 1.
_ 2T o
Areaof [ = J'Oxdy s E aE
——H————X
4y? P Of 1 2 3% 5 6 7
= | =—dy =



Equation of line AB,

5-3
3= )
¥=3=355072)
[Using formula, y -y, = $2—h (x—x]
Xy =X
= y-3= % (x-2)
= y=2x-1
Equation of line BC,
4-5
-5=—(x-3
y=5=—(x-3)
-1
= y-5= T(x—Es)
= y=-x+38
Equation of line AC,
4-3
-3=—(x-2
y 4—2( )
N 3= 1x-2)
y 2
X
= = —+2
y 2

Hence, required area is

_ T(Zx—l)dx+j(—x+8)dx— Z[;Jrz}jx
ML

= 4+2—7
2

= —3+2=_6+9=E sq. units
2 2 2

Q. 8. Find the area of the region lying above X-axis and
included between the circle ¥* + y* = 8x and inside
of the parabola y* = 4x.

[CBSE Delhi Set-I-2019]

Sol.
(44)

>

0, 0) (4,0) 8,0)

<

Correct Figure 1
Given circle x¥2— 8x+ 2= 0
Correct Figure 1

Given circle x*— 8x+ y*= 0
or (x—4)2+y 2=42
Point of intersection (0, 0) and (4, 4) 1

4 8
Required Area =J.2\/; dx +J 42 —(x—4)P2dx 1
0 4

8

*—4 M6—(x—4)

4
:[éxwz] + 2 1
3 5 16 . (x—4
+—sin" [ ——
2 4 .
2
:(41t+33J sq. units 1

[CBSE Marking Scheme, 2019] (Modified)

Detailed Solution :

The equation of circle is x* + y* = 8x (i)

h OQ@(& 0 X

Y

The equation of parabola is y* = 4x .. (if)
eq. (i) can be re-written as

(*-8x)+12 =0
or (x¥*-8x+16) +1? =16
or (x=4)?% + 1 = (4)? ...(iii)
Which is a circle with centre C(4, 0) and radius =4.
From eq. (i) & (ii), we get

%+ 4x = 8x
or ¥-4x =0
or x(x-4)=0
: x=04

.. Points of intersection of circle (i) and parabola (ii)
and O(0, 0) and P(4, 4), above the x-axis.

Therefore required area = area of region OPQCO

= (area of region OCPO) + (area of region PCQP)

4 8
= Jydx+jydx

_ 23)\/; dx+i,/(4)2 “(x-4Y dx

4

= é[xm:r + [{8;4}\/@ +8sin™! (1)]

—[0 + 8sin10]



- %[43/2 - 0]+[0 +8 xﬂ— (0-0)

§><8+4n = 3—32+4n=% (8 + 3m) sq. units

Commonly Made Error

| Students fail to identify the correct figure and |

. » Familiarize with the different equations and |
i forms of conics. i

________________________________________________

Q. 9. Using integration, find the area of the triangular
region whose sides have the equations y = 2x + 1,
y=3x+landx =4

Al [CBSE OD Set I1-2019]

C(4,13)
Sol.

| —
B(4,9)

A(0,1)

X

—_
[

Getting the points of intersection as
A(0, 1), B(4 ,9) and C(4, 13) 1%

Area of MABC = [(3x+1)dx~ [ +1)dx 1

514
= J.;xdx:|:x—:| 1
2 ],

= 8 sq. units. b2
[CBSE Marking Scheme 2019] (Modified)

Detailed Solution :
Points of intersections of :
(i) Line AB (y = 3x + 1) and AC (y = 2x + 1) is
A0, 1).
(ii) Line AB (y = 3x + 1) and BC (x = 4) is B (4, 13).
(iii) Line AC (y = 2x + 1) and BC (x = 4) is C (4, 9).
Required area of shaded portion

= Area of trapezium AODB
— Area of trapezium AODC
= J y dx— I ydx
AB AC
4 4

=[x +1)dx-[(2x +1) dx
0 0

32 I 4
) —[x2+x]
2 \ o
=4 +4)- (16 + 4)

= 8 sq. units.

Q. 10. Find the area bounded by the curves y = Jx ,

2y + 3 = x and x — axis. [S.Q.P. 2018-19]

Sol. The given curves are

y=x (1)
2y +3=x (2
Solving equation (1) and (2), we get
2y +3= yz
¥-2y-3=0
y-3)y+1)=0
= y=-13
= y=3(asy > 0) Y
substituting value of y = 3 in (2) we get
x=203)+3=9
i.e., (1) and (2) intersects at (9, 3) 1
Y
9.3)
X
=i
d
X (@] D (3,0) 9,0) X
90-S
//ﬁjlx N
5
Y 1
3 3
Required Area = j(Zy +3)dy - Iyzdy 1
0 0
3P
3
o
=94+9-9
= 9 sq units. ¥

[CBSE Marking Scheme 2018] (Modified)



Q. 11. Find the area of the region.
{(,y): 2> + y* <8, x* <2} [S.Q.P. 2018-19]

Sol. The given curves are

P +yr=8 (D)
x? =2y Q)
Y
X'=2y

(2,00 0[(0,0) 2, o') 2=

Solving (1) and (2)
8- =2y=y=24=y=2 (asy > 0)
Substituting y = 2in (2) we get 22 = 4 = x = 2 or 2

1
Required Area = IVS x dX—J.f
=7 1
= ' .
=2 JW dx—f—dx
LO 0 2
o . .
2
= 2_2 8—x% +— sm (2\/_)] [3]0 .
=2 2+4(“)—0]—1[8_0]
L 4 3
=4+ 2n— 8
3
4
= (21‘5+§) sq. units 1

[CBSE Marking Scheme 2018] (Modified)

Q. 12. Using integration, find the area of the region
bounded by the line 2x + y = 4, 3x — 2y = 6 and

x-3y+5=0. [NCERT]
[Foreign 2017]

Sol. Let the line AB, BC and CA have equations
2x +y =4,3x-2y =6and x-3y + 5 = O respectively.
B(2,0), C4, 3) and A(1, 2)

AQD 7 c43)

| i
‘1 3\456 )
0) dx

2
B@2

41 2
Area = -[1 g(x + 5)dx — -[1 (4—2x)dx

[ L 3x-6)ax 1
22
4 2 4

_ 1|:(x+5)2:| +2|:(2—x)2} _3{@—2)1

3| 2 2 | o2 2 |
_(81 36)+(0 1)—74

6 6
—%—1 B—Z sq. units. 1

[CBSE Marking Scheme 2017] (Modified)

Q. 13. Find the area enclosed by the parabola 4y = 3x*

and the line 2y = 3x + 12. |A|! [O.D, 2017]

[NCERT] [O.D. Set I, II, ITI, Comptt. 2015]

Y

Sol.

_2 + 0| t + + 4.

4y =3Cand3x—2y + 12=0or 4(%;12) =32

or3x® —6x—-24 =0o0rx*-2x-8=0or (x - 4)

(x+2)=0

or x-coordinates of points of intersection are

x=-2,x=4 1
4

Area (4) = | Loxe12)-352 [ax
-2[ 2 4 1
_[16x+120 32
2 6 43 1
= 45 - 18 = 27 sq. units 1

[CBSE Marking Scheme 2017] (Modified)

Q. 14. Find the area of the smaller region bounded by the

2 2
ellipse )1% + % =1 and the straight line 3x + 4y = 12.

[Outside Delhi Set I, II, III, Comptt. 2016]

Sol.




Getting the points of intersection as (4, 0), (0, 3).1 3
Required area ( 8- 6)

472
j 36—« dx——j (12 - 3x)dx 1

= (3w - 6) sq. units 1

4 . ..
-3 [_ Ji6—2 +8sin-1% ] 1 125 3L 1 [CBSE Marking Scheme 2016] (Modified)
412 4] 4 2 .

©) Long Answer Type
Questions-II (6 marks each)

Q. 1. Using integration, find the area of the region {(x, y) : ¥* + ¥*<9,x + y >3} }. [Board CBSE 2020]

Topper Answer, 2017
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Y

) square wilk

________________________________________________________________________________________________

Q. 2. Using method of integration, find the area of the

Sol.

triangle whose vertices are (1, 0), (2, 2) and (3, 1).

AABC is a shown in figure
Y
3T BE2)

2__
e (4
X0 DER,0) X
Y

Equation of line between A(1, 0) and B(2. 2) is

y-0 _2-0
x-1 2-1
= y =2(x-1)

2

Area AABD = Jydx
1

2
2 (x ~1)dx
1

2
2
2|:xx:| =1
2 1

y-2 _ 1-2
x-2  3-2
= y=4-x

Area BDEC =

I
e— i W
—
=~
|
=
=
=

I
S
—
=
=
|
D —y
=
=
=

Il
S
S
=
=
[ SRS}
|
1
ST
| |
w

Va

V2

2 2
=3 1
2
Equation of lien between A(1, 0) and C(3, 1) is
y-0 _1-0
x-1 3-1
= vy _1
x-1 2
1
= y=—-(x-1) i
2
3
Area DACE = [
1

N | =
r 1

Il
D | =
T/
N | O
|
(O8]
N7
|
7~ N\
N | =
|
—
N
| |

N | =
) 1
]

+
[\S)

Hence, Required Area
= Area ABD + Area BDEC - Area ACE

(3

Area of AABC = % square units



+// COMPETENCY BASED QUESTIONS

Ans. Option (A) is correct.

{®)] Case based MCQs Explanation:
flx)=x?

fl=x) = 2?

- f(x) is even function.

Q. 4. The area formed by the curve x* = 250y, X-axis,
y=0andy =10is

I. Read the following text and answer the following
questions on the basis of the same:

1000v2 4
A B) =
(A) — (B) 3
1000
© 5 (D) 0
Ans. Option (C) is correct.
Explanation:
x* = 250y
R
Y= 2s0"
at y=0 x=0
at y=10 x =50,-50
.. Area formed by curve
The bridge connects two hills 100 feet apart. The = ssozixz
arch on the bridge is in a parabolic form. The 1 52 o
highest point on the bridge is 10 feet above the road =250 X g[xs ] )
at the middle of the bridge as shown in the figure. 1
= —[250,000]
[CBSE QB-2021] 750
Q.1.The equation of the parabola designed on the 1000 )
bridge is = 3 sq. units
(A) x*= 250y (B) x*=-250y
(©) 2= 250 (D) 2= 250y Q.5. Th; arfa4ff)rmed between x* = 250y, Y-axis, y = 2
Ans. Option (B) is correct. andy =21s
1000
Q. 2. The value of the integral -[50 X dxis ) 3 ®) 0
o 819 )50 250
(A) g (B) 250 ©) 1002\/5 (D) None of these
3
(C) 1200 (D) 0 Ans. Option (D) is correct.
Ans. Option (B) is correct. IL. Read the following text and answer the following
Explanation: questions on the basis of the same:
50 32 1 [ 50 In the figure O(0, 0) is the centre of the circle. The
J—502_5() x = ﬁ[?] llnfe y = x meets the circle in the first quadrant at the
- point B.
=1 1[(50)3 ~(-50)’] H
250 3
= L[125000 +125000] g/
750
_ 1000
3 , A
¥ 6 M (42,0

Q. 3. The integrand of the integral Js::o xdx is

function.
(A) Even (B) Odd
(C) Neither odd nor even (D) None of these Y




Q. 1. The equation of the circle is
A) 2+ =42 (B) x* + 12 =16
QP+ =32 (D) (x—442)* +0
Ans. Option (C) is correct.

Explanation:
Centre = (0, 0),

r= 442
Equation of circle is
P+ = (42)

= 2+y? =32
Q. 2. The co-ordinates of B are .
A) 1,1 (B) (2,2)
(©) (42, 442) (D) (4,4)
Ans. Option (D) is correct.
Explanation:
P+ = 32 ..(i)
y=x ...(ii)
Solving (i) and (ii),
= P+y =32
= P =16
= x = 4,
= y=x=4
- B= (44
Q.3.Areaof AOBMis_____ sq.units
(A) 8 (B) 16
(©) 32 (D) 32n
Ans. Option (A) is correct.
Explanation:
Ar (AOBM) = f;‘ xdx
5T
N
o
= 8 sq. units
Q.4.Ar (BAMB) = sq. units
(A) 32m (B) 4rn
©) 8 (D) 4n-8
Ans. Option (D) is correct.
Explanation:
Ar (BAMB) = j:ﬁ 32— x2dx
42
- [x\/sz —x* +16sin"! x]
2 421,
= (4n - 8) sq. units.
Q.5. Area of the shaded region is sq. units.
(A) 32m (B) 4rn
©) 8 (D) 4n-8
Ans. Option (B) is correct.
Explanation:
Area of shaded region
= Ar (AOBM) + Ar (BAMB)

8+4n -8
4m sq. units

Case based Subjective
Questions

I. Read the following text and answer the following
questions on the basis of the same:
Three friends Amit, Sumit and Rahul living in a
society. The location of their houses in the society
forms a triangular shape. The location of three
houses of that society is represented by the points
A(-1,0), B(1, 3) and C(3, 2) as shown in given figure.

)Y
Q. 1. Find the equation of line AB and BC. 2
Sol. Equation of line AB is

3 3-0
U

[x—(-D)]
[Since, equation of line passing through (x,, y;) and

() Yo is (Y= yy) = %(x—xm

27N
3
= —(x+1 1
y= 204D
Similarly, equation of line BC is
2-3
-3 = -1
y-3=72G-D)
-1
= -3=—(x-1
y 5 (=1)
-1 7
= = —Xx+— 1
Y 2 2
Q. 2. Find the area of region ABCD. 2

Sol. Area of region ABCD

= Area of AABC + Area of AADC ...(I)
Now, area of AABC

= %|—1(3—2)+1(2—0)+3(0—3)|
= 1|71+279|
2

= %XS = 4 s5q. units 1

and Area of AADC = %x base x height

leDxCD = 1><4><2
2 2

= 4 s5q. units Y
From eq. (i), we get
Area of region ABCD = 4 + 4 = 8 sq. units Vs



II. Read the following text and answer the question
on the basis of the same. 1
Riya loves to eat pizza. On her birthday, she invites J3
her friends for pizza party in a famous pizza shop.
She decided to cut pizza as her birthday cake. Riya ' W
cuts the pizza with a knife. Pizza is a circular in o
shape which is represented by x* + y* = 4 and the AN

sharp edge of knife represents a straight line given
by x = x/§y .

2
N\
=
—~
&
—_
~
4

—
| W
|
[aw]

[
+

| ——
[\e]

w
2.
=]
i
—
—
N
|

TN
+
[\

w
=,
=]
L
w
~—
[E—

= 73 5q. units 2

Q. 2. Find the area of the each slice of pizza when Riya
cuts the pizza into 4 equal pieces. Also, find area of
whole pizza. 2

Sol. We have, x*+1?=4
= x-07+ (y-0)°= (2
- Radius = 2

Q.1.Find the value of the region bounded by the 1 1
circular pizza and the edge of the knife in the first Area of 1 th slice of pizza = 1 n(2)* = 7 sq. units
quadrant. 2

3 Area of whole pizza = n(2)* = 4r sq. units

Sol. Required area = J' X

o V3

Solutions for Practice Questions -

2
dx + J 4—x%dx
NG

Very Short Answer Type Question

1
Area of shaded region = ZI x*dx
0

| i
2 2 i
1. A= 2[x%dx = Z[x°[; = £ sq. unit 1 2 2 . :
_([ 3[ Io 3 q = E[x:’]é =350 unit i
[CBSE Marking Scheme, 2020] i
Detailed Answer: Commonly Made Error |
s |
. » Students fail to identify the figure correctly. ;
; ) y=x :
(V5| Answering Ti
X<—30)] ©00) @y X @ 8P

i » Learn to draw the graphs correctly.




Short Answer Type Question-|
2

1. fo/adx
0

Area

) 4‘/—[3/2}

- §JE[25 ~0]
8\/_ NN

= — sq units
3 9

Short Answer Type Question-II
4
4. Required Area = gj(f\/ 6% — x*dx
0,2)
(6,0)

iy
N\

Y’

4 6
= g-[o V6% — x%dx

3[2

parabola from a standard equation.

2 1
= 2X Zﬁszdx
0

= é|:£\/62 — x? +%sin_l(

_ 4 18xZ-0|=12n sq.units
3 2

)

s

[CBSE SQP Marking Scheme, 2020-21]

)

Y

1

[CBSE SQP Marking Scheme 2020-21]

Commonly Made Error

Some students fail to find the standard

1
1
i equation of the ellipse and hence get wrong
1

» Learn to sketch the graphs of circle, ellipse and

_______________________________________________

L

4.

ong Answer Type Question

0,1)

AW
|/

2+yr=1

For correct figure
For correct shading

A= [(1-2* -(1-x)px

1 PRk
[Z\/I—xz +%sin'1 x:| —|:x—x?:|
0

2 0

n 1

4

[CBSE SQP Marking Scheme 2020] (Modified)

Detailed Solution :

Given region {(x, y): (* +yH <1< (x + y)}

or The given region is bounded inside the circle

¥? + y* = 1 and above the line x + y = 1 as shown

in the figure.

X‘ m AR0)

.. Required area of the shaded portion

_ jﬁdx - }(1 —x)dx
0 0

1 2 1
:[Exll—xz +%sin_1 x] —[x—x]
0

2 2 )

:[0+lsin’1(l)—0—0}—[1—1—0+0]
2 2

—2 2 2— 4 2 5q. units.

@) dx X
x+ty=2

2

1. 1 .
= 1)—= =|==-=|sq units 1
2sm 1) 2 ( 2) q



@ REFLECTION

e Area of different figures can be find by using the e Proper drawing of given figure help to find the area
concept and techniques given in his chapter. easily.

_________________________________________________________________________________________________



